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Abstract 

We study static 180 degree domain walls in infinite magnetic wires with a 
bounded, centrally symmetric and simply-connected cross sections with a piece- 
wise C 2 boundary. We prove an existence of global minimizers for the energy of 
micromagnetics and a T-convergence for the energies. We prove as well a rate 
of convergence for the minimal energies and a convergence of almost minimizers. 
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1 Introduction 

It has been suggested in [1] that magnetic nanowires can be effectively used as 
storage devices. It is known that the magnetization pattern reversal time is 
closely related to the writing and reading speed of such a device, thus it is cru- 
cial to understand the magnetization reversal and switching processes. Several 
groups have numerically observed two different magnetization modes in mag- 
netic nanowires. In [13] the magnetizetion reversal process has been studied 
numerically in cobalt nanowires by the Landau-Lishitz-Gilbert equation. Two 
different domain wall types were observed. For thin wires cobalt wires with 
lOnm in diameter the transverse mode has been observed: the magnetization 
is constant on each cross section and is moving along the wire. The gyromag- 
netic precession limits the domain wall velocity. The domain wall velocity is 
an increasing function of the Gilbert damping constant a. For thick wires, with 
diameters bigger that 20nm the vortex wall has been observed: the magneti- 
zation is approximately tangential to the boundary and forms a vortex which 
propagates along the wire. In this case the domain wall velocity is a decreasing 
function of the Gilbert damping constant a. In [15] the magnetization reversal 
process has been studied both numerically and experimentally. By consider- 
ing a conical type wire so that the diameter of the cross section increases very 
slowly they observed the magnetization switching from the vortex wall to the 
transverse at a critical diameter, as the domain wall was moving along the wire. 
The results in [13] and [15] are very similar: in thin wires the transverse wall 
occurs, while in thick wires the vortex wall occurs. When a homogenous ex- 
ternal field is applied in the axial direction of the wire facing the homogenous 
magnetization direction (see Fig. 1), then at a critical strength the reversal of 
the magnetization typically starts at one end of the wire creating a domain wall, 
which moves along the wire. The domain wall separates the reversed and the 
not yet reversed parts of the wire (see Fig. 1). 

Homogenius magnetization 
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180 degree domain wall 



Figure 1. 



In Figure 2 one can see the transverse and the vortex wall longitudinal and 
cross section pictures for wires with a rectangular cross section. 
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Figure 2. 
The transverse wall 



The vortex wall 



It has been observed that there is a distinctive crossover between two differ- 
ent modes, which occurs at a critical diameter of the wire. It has been suggested 
that the magnetization switching process can be understood by analyzing the 
micromagnetics energy minimization problem for different diameters of the cross 
section. K. Kiihn studied 180 degree static domain walls in magnetic wires with 
circular cross sections. She proved rigorously using variational methods in [19] 
that indeed the transverse mode must occur in thin magnetic wires. She also 
showed why the magnetization energy approximation by the energy 

E{m) = 7r||a x m|||, 2(R) + |(||r%||| 2(K) + ||m w ||| a(R) ) 

done by Nakatani and Thiaville in [23] is legitimate. She proved a rate of 
convergence for the minimal energies, namely if Er is the minimal energy in 
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the wire with a diameter 2R then 



< CR 2 \\nR\. 



It is also shown in [19] that for thick wires the vortex wall has the optimal 
energy scaling and that the minimal energy scales like R 2 \/\xi R. K. Kiihn then 
studied the regularity of the minimizers, the dynamics of the transverse walls 
and the dynamics of the vortex walls in [20], [21] and [22] respectively. In this 
paper we study the 180 degree static domain walls in magnetic wires with ar- 
bitrary bounded, centrally symmetric and simply-connected cross sections with 
a piecewise C 2 boundary. We show that all the results obtained in [19] hold 
in this more general setting. Moreover, for a class of domains we prove the 
convergence of almost minimizers. We believe that our results obtained in this 
work can be used to study the dynamics of transverse walls in thin wires like it 
is done in [21]. 

In the theory of micromagnetics to any domain Q, £ R 3 and a unit vector field 
(called magnetization) m: Q — > § 2 with m — in R 3 \ Q the energy of micro- 
magnetics is assigned: 

E(m) = A ex [ |Vm| 2 + K d [ \\7u\ 2 +Q f p(ro) - 2 f H ext ■ m, 
Jn Jr 3 Jn Jn 

where A ex , Kd, Q are material parameters, H ext is the externally applied mag- 
netic field, <p is the anisotropy energy density and u is obtained from Maxwell's 
equations of magnetostatics, i.e., u is a weak solution of 

Au = divm in K 3 . 

According to micromagnetics, stable magnetization patterns are described 
by the minimizers of the micromagnetic energy functional. 



2 The problem setting 

Assume fl — Ixw, where u> C R 2 is a bounded, centrally symmetric and simply- 
connected domain with a piecewise C 2 boundary. We consider the energy of 
micromagnetics without an external field and anisotropy energy: 



E{m) = A ex f |Vm| 2 + K d f \Vu\ 2 . 



By scaling of all coordinates one can achieve the situation where A ex — Kd, so 
we will henceforth assume that A ex =Kd = \. Denote 

A{Q) = {m:n^S 2 : m £ Hl oc {Q), E(m) < oo}. 

We are interested in 180 degree domain walls, so set 

A(Q) = {m: Q -> § 2 : m-e£ H 1 ^)}, 

where 

(-1,0,0) if x<-l 
e(x,y,z)={ (x, 0,0) if - 1 < x < 1 
(1,0,0) if Kx 
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Roughly speaking we are considering the set of all magnetizations that satisfy 
lim x ^.± 00 m(x, y, z) — ±e x for all y and z. The objective of this work will be 
studying the minimization problem 



3 Notation 

The letter £ = (£1,^2, £3) denotes a point in R 3 , a map /: fl — > R 3 will have the 
components f x ,f y ,f z , i.e., / = (f x ,f v ,f z ). Set 

diam(w) = d, 



A x (Sl) = {to e A(Sl) : m = m(x)}, 

M(n) = {m:O^E 3 : mefl^fl), \m\ < M, m(0 = in R 3 \ 0}, 
M x (0) = {m e M(0) : m = m(x)}. 

For any m e M(fi) the divergence of m consists of the body charges v and 
the surface charges s, i.e., 



where is the outward unit normal to the boundary of O at point £. 
Recall that the map u is the weak solution of 



inf E{m) 



(1) 





Am = divm 
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(2) 



if and only if 




which is itself equivalent to 





(4) 



We decompose u = u v + u s so that 




for all 




Set 
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Next we define 



m(x, y, z) = / mdydz, (x,y,z)e£L. 

Like m we extend m as outside ri. It is evident that if m is weakly differentiable 
in x then so is fa and 

d x m(x, y,z) = —r / d x m(x, yi,zi) dj/i dzi, (x, y, z) E SI. 



4 Preliminaries 

In this section we give several descriptions of the set A(£l). We start with a 
lemma that states the fmiteness of the norm ||^|| z, 2 (aaj) 

Lemma 4.1. For any m € M x (fl) with E(m) < oo one has 

\\s\\z 2 (du) < °°< 

Proof. The idea of the proof is choosing suitable test functions tp in ((4]) . Assume 
that the equation of dui is r = p(9) in polar coordinates. Fix any R > and 
consider a cutoff function ip that satisfies the following conditions: 



0<ip(x)<l, x € [-R- 1,R+ 1], supp(^)) C [-R- 1,-R+l], 
4>(x) = l, x€[-R,R], 
\tp'(x)\<2, x e [-R- 1,R+ 1]. 

Consider now the test function 

<p{x,y,z) = ip(x) ■ min(2r- p(6),3p(6) - 2r) • s(p(6>) cos 0, p(6) sin (9), 

where 

a; G [-R-l,R + l], y = rcos6, z = rsin9, re 

In the proof constants C can depend only on cj. We place cj such that it be 
symmetric with respect to the origin. One can estimate the summands in l^j 
by direct calculation and the Schwartz inequality as follows 



IV^I 2 < C(\s\ 2 + |Vs| 2 ) < C(|s| 2 + |Vm| 2 ) 
tp ■ s > 



an 



p{9)\s\ 2 > min p(6) 

-R,R]xdu 8<E[0,2ir] 



-R,R]xdui 



J Vu-Vy < C||Vu|| i 2 (R) y / ||s|| 2 2([ _ jR!jR]xtj) + jjvmj 
< C\\Vm\\ L 2 {n) (\\s\\ L 2 {[ _ RiR ] XLLl) + 1). 



Vto|| 2 2( ^ + 1, 



v ■ tp 



Since uj in open and simply-connected, the origin does not belong to its bound- 
ary, thus ming g [Q i27 r] p{@) > an d we discover from ^ 
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□ 



\\ S \\l 2 ([-R,R]xu) ^ C (\\ s \\l 2 ([-R,R]xuj) + l), 

from where we arrive at 

ll s IU 2 ([-fl,i?jxw) < c. 

Since R is arbitrary we get ||s||z,2(an) < C as claimed. 

Corollary 4.2. Any m 6 Ma;(fi) wi/i a finite energy satisfies 

ll TO ylli 2 (R) + l! m z|li 2 (R) < 00 • 
Proof. It follows from Lemma |4~T1 and the fact that duj is piecewise C 2 . □ 
Lemma 4.3. For any vector fields mi,m 2 € M(f2) with finite energies 
(mi + m 2 ) < 2(E mag (m 1 ) + E mag (m 2 )) 



(it) \E m ag(m 1 )-E mag (m 2 )\ < E rnag (m 1 -m 2 )+2^ E mag (m 1 )E mag (mi - m 2 ) 



(Hi) \E mag {mi)~ E mag {m 2 )\ < \ \ mi - m 2 1|^ 2 (f2) + 2 1 1 mi - m 2 \ \ l 2 (q) \J E mag (m x ) 

Proof. Let ui and w 2 satisfy Aui = divmi and Aw 2 = divm2. Then A(ui + 
u 2 ) = div(mi + m 2 ), thus 

E mag ( mi +m 2 ) = ||V(ui + U2)||| a( n) < 2(||Vui||| 2(n) + ||Vu 2 ||| 2(n) ). 
We have 

\E maa {mx) - E mag (m 2 )\ = | ||Vui||| 2(Q) - || Vu 2 ||| 2(n) | 

< ||V(ui - u 2 )||^ 2(f2) + 2||Vui|| L2(0) ||V(ui - u 2 )|| L 2 (0) . 



The third statement is a consequence of the second one and the inequality 

li 2 (n) - IMIl 2 ^)' 

Lemma 4.4. For any to € A(Q) one has 



|Vu||2 < \\ m \\l 2 □ 



(|mr - |mP) = / \m - mf < C p df I \V yz m\ for all x S 

J UJ J LJ 

where C p is the Poincare constant for w. 
(it) E ex (m) + E ex (m - to) = E ex (m) 
Proof. We have for any iel 

(m — to) = / to — |w| • m(.x) = 0, 
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thus 




Taking into account the fact that the weak derivative of the average function is 
the average of the original function's weak derivative we get the second identity. 

□ 

Corollary 4.5. For any to G A(Sl) and i£l 

/ |m| 2 < / H 2 < f H 2 + C p d 2 f \V yz m\ 2 - 

Corollary 4.6. If m G A(fi) then 

(i) \E mag (m) - E mag (m)\ < d(C p d + 2^/C~ p )E(m), 

(ii) E{rh) <E{m){l + d(C p d + 2y/Gpj)E{m). 
Proof. It is a consequence of Lemmas 14.31 14.41 and the inequality 

Eexim) = ||Vm|ft = / \d x fh\ 2 < [ \d x m\ 2 < E ex (m). 

□ 

Lemma 4.7. Let to G A(SV) and let a,j3 6 1 such that — 1 < a < < 1. 
Assume 3? is family of disjoint intervals (a, b) satisfying the conditions 

{fh x {a),fh x {b)} = {a,p} and \fh x (x)\ < max(\a\, |/3|), x € (a, b). 

Then. 

card(U) < M(a, 0) and ^ (b-a)< M(a, f3), 

(a,b)GSR 

where M{a,(3) is a constant depending on a, (3, uj and E(m). Moreover, 
lim^-too \ fh x \ = 1. 

Proof. We first prove that the sum of the lengths of the intervals in 3? is bounded. 
Denote maa;(|a|, = p. The function to is a one variable weakly differentiable 
function therefore it is locally absolutely continuous in R. For any (a, b) G 5R, 
we have by Corollary 14. 51 

M(6-o)=/ |m| 2 

< I \fh\ 2 + C p d 2 [ \V yz m\ 2 

<p 2 \u\{b-a) + [ (m 2 y + m 2 z ) + C p d 2 f |Vto| 2 . 
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Summing up the obtained inequality for all (a, b) € 5ft and denoting 

£= |J (a,b)xuj 

(a,b)e5ft 



we get 



E ( & -«)<P 2 M- E (b-a)+ f (rhl+rh 2 z )+C p d 2 f |Vm 

a,f))eSR (a, 6)65? ^ S ^ S 

<p 2 M E {b-a)+ [ (m 2 y +m 2 z ) + C p d 2 [ \Vm\ 



By virtue of Corollary 14. 61 the average m has a finite energy, thus Corollary 14. II 
gives 

r (fh* + ml)<Ci, 

n 

for some C\. Therefore we obtain 

\u\- E ( b -a)<p 2 H E ( 6 ~ a ) + C ' 1 +C p d 2 E{m). 

(a,b)e3t (a,&)eSR 

Finally we get 

^ Ci + C p d 2 E(m) 

Now we prove an upper bound on the number of the entries of 5ft. For any 
point (y, z) £ lu and any interval (a, 6) £ 5ft we have 

\d x m x (x,y,z)\ 2 dx> j-^—(^J \d x Tn x (x,y, z)\ dx\ . 

Integrating over oj we get 

\d x m x \ 2 d£ > —— I ( [ \d x m x (x, y, z)\dx ) dydz 



(a,b)xu) 



u \ J a 



> -r— [ \m x (a,y,z) - m x (b,y, z)\ 2 dydz 
b-a J u 

- TTTT \\ [ \m x (a,y,z)-m x (b,y,z)\dydz 

> |^| (5_ a ) (/ { m x{a-,V,z)-m x (b,y,z))dydz S j 

\ 2 



M(6- 


a)V 


1 




M(6- 


a)( 


1 




H(6- 


■«)(' 


|w|(a- 




6- 


a 



thus 



/ \d x m x \ 2 d£> 
J(a,b)xLj o — a 



H(a-P) 2 



Summing up the last inequality for all (a, b) G 3? we arrive at 



< 



1 



(a,6)e5ft 



6-a ~ M(a-/3) 2 



< 



< 



thus 



15,771, | 2 



Ml" 
M(a-/?) 2 ' 



(a,fe)e5R 

Adding (j^J) and © we obtain 



.E(m) 



6- a ~ \(j\{a-/3) 2 ' 



(G) 



(a,6)G5R 



1 , \ 1 



b — a 



E(m) Ci + C p d 2 E(m) 



MV(«-j8) s 



M(a,/3). 



Coupling now the last inequality and the fact that for any (a, 6) € 3? the in- 
equality t^- + 6 — a > 2 holds we obtain M(a, /3) > 2iV where iV is the number 
of the entries of 3? and M(a,/3) depends only on a, (3, u) and E(m). The first 
part is proved. 
It is clear that 



\m x {x)\ = -i- 
M 



m x (x,y,z) dy dz 



- T~T / \m x (x 7 y,z)\dydz < 1 



thus 

< 1 -m 2 x (x) < 1, 
By virtue of Lemma 14.41 we have 



x G 



(1 



) d£ < / (to 2 + to 2 ) d£ + C p d 2 E(m) < 00, 



(7) 



thus 



(1 — to, 2 ) da; < 00. 



The integrand is continuous and positive thus for any < 5 < 1 and N > 
there exists x$ > N such that |TOa;(xj)| > 1 — § ■ Therefore there exists an 
increasing sequence {x n } such that x n — > 00 and |TOa;(a; n )| > 1 — |. Therefore 
for infinitely many indices n one has one of the following: rh x (x n ) > 1 — 4 
or fh x (x n ) < — 1 + |. Assume that for a subsequence (not relabeled) we have 
TTi x {x n ) > 1 — f • We will prove that m x (x) > 1 — 6 for all x > N$ for some N$. 
Assume in the contrary that for an increasing sequence (x n ) n eN with x n — > 00 
one has fh x (x n ) < 1 — S. We construct an infinite family of disjoint intervals 
(a„, b n ) such that the value of rh x at one of the ends of (a n , b n ) is less or equal 
than 1 — S and at the other end is bigger than 1 — | for all n G N. In the first 
step we take the smallest n such that x n > x\ and denote it by h\ and take 
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a± = x\. b\ = 5;^. In the second step we take the smallest n such that x n > b\ 
and denote it by ni and then we take the smallest n such that x n > x n2 and 
denote it by hi and take ai — x n2 and &2 = %h 2 ■ This process is continuable 
without a stop, thus the intervals (a n ,b n ) are constructed such that m x {a n ) > 
1 — % and m x (b n ) < 1 — 6. Since fh x is continuous in R the new sequence of 
disjoint intervals (a n ,b n ) where a n = sup{x G (a n ,b n ) \ fh x (x) > 1 — f} and 
6 n = inf{ir G (a n ,6n) | fh x {x) < 1 — (5} has the properties fh x (a n ) = 1 — f, 
"fhx{bn) = 1 — 5 and |toz(2)| < 1 — | for all a; € [d„, o n ]. But this contradicts the 
first statement of the foregoing lemma. The same can be done for — oo. 

□ 

Remark 4.8. In the proof of Lemma \4- 7| we have actually shown that for an 
arbitrary magnetization m the finiteness of the three norms 

l|Vm|| L 2( 0) , ||TO a || i 2( R ), ||m 2 || L 2 (R ) 

yields that m x has a constant sign at both ±oo. 

The next theorem in the analog (for C 2 cross sections) of the necessity part 
of Theorem 16 in [19]. It describes the set of all magnetizations which are con- 
stant on each cross section and have a finite energy. 



Lemma 4.9. If m G A then one of the four vector fields m ± m ± e belongs 
to H 1 ^). 

Proof. For any m G A we have 

E(m)= / |Vm| 2 d£ + £ mQS < oo 
Jn 

thus Vrn G L 2 (£l). Note that Ve^,Ve G £ 2 (S1), thus by the triangle in- 
equality V(m ± et), V(m ± e) G L 2 (fl). It remains to prove that one of the four 
functions m ± et, m ± e belongs to L 2 ( fl). Denote 

f2_ = (—oo,0] x lo and fl + = [0,+oo) x lj. 

We have 



\m-r x \ 2 di= / (K - l) 2 + to 2 + m 2 ) d£ 
= 2 / (l-m x )d£ 



and similarly 



\m + e~t\ 2 



2\u>\ / (1 — m^) dx 



d£ = 2|w| / (1 + fh x )dx 

J — oo 



It is now clear that m ± et G i 2 (51_) if and only if 1 ± m x G L 1 (— oo,0). 
Similarly we have that m±et G L 2 (f2+) if and only if l±m x G i 1 (0, +00). Ac- 
cording to Remark l4.8l the component fh x has a constant sign at ±00. Suppose 
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that m x (x) > for x > N > 0. According to |Q we have that 

r+oo 

(1 — m 2 ) dx < oo 



thus 



and thus 



> 



r+oo 
/ (1 


— fh 2 x ) dx 


In 




r+oo 




/ (1 


- fh x )(l -+ 


Jn 




r+oo 




/ (1 


- fh x ) dx, 


Jn 





r+oo r+oo 

/ (1 - mj dx < 2N + / (1 - fh x ) dx < oo. 
Jo Jn 



Similarly we can prove that if we had fh x (x) < for x > N > for some N 
then 1 + fh x € i 1 (0, +oo). Obviously the same can be done for thus the 
theorem is proved. 

□ 



5 The representation of E s in Fourier space and 
the characterization theorem 

In this section we will find the representation of E s in Fourier space and we will 
also show that the inverse of Lemma 14.91 holds. Like it is done in [19] one can 
prove that if to — e € iJ 1 (r2) then the equation Am = divrn has a solution u with 
a finite finite L 2 -norm. It is very well known that if m 6 L 2 (Q) then Au = divm 
has a weak solution u with || Vm||^2(- R 3) < ||to||x,2/q\, which is basically the L 2 
projection of m onto the closure of the subspace 

{V^ : ^C =°(l 3 )} 

of gradients in the Hilbert space L 2 (R 3 ). 

Following Kiihn like in [19] we consider for all c~,c + € K the function 
xf- ■ R -> M 3 such that 

xf- = (c si9n{x) mm(l,\x\),0,0) 

and define the set 

C(O) = {m: fl -+ R 3 : ]c",c + el such that m - X f- & H 1 (Q)} . 

Recall that the fundamental solution of the Laplace equation in IR 3 is r(£) = 
j^rti- Next we formulate the analog (for C 2 cross sections) of Lemma 4 in [19]. 
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Theorem 5.1. For m £ C(il) define the maps u v ,u s ,u: K 3 — > M. by 

Mo= [ r(c-a)«(a)dei, 

Jn 

JdQ. 

«(0 = ««(0 + «-(£)• 

T/ien £/ie following statements hold: 
(i) The maps u v and u s satisfy the equalities 



VMO= I ^ r (C-ei>(a)4de forall £eK 3 , 

v- r l JO 

Vn s (0= V / a,T(C-6)s(a)4de /or a// £ e M 3 \ 

. .! Jon 



on 



Vu v ■ Vtp = / vtp forall tp£C^(W), 
Wu s -Wip= / sip forall <p £ C^°(M. 3 ). 

JdQ 



(ii) u is a weak solution of An = divm. 
(Hi) V«G L 2 ' 



For a proof we refer to [19] mentioning that it depends on the regularity 
of du) and not on the shape. Note that A(Q) C C(f2) thus for any m £ A(£l) 
we will hereafter consider the weak solution of Ait = divm which is defined in 
Theorem 15.11 As a corollary we get a necessary and sufficient condition for a 
magnetization to have a finite energy which is the analog of Theorem 16 in [19]. 

Theorem 5.2. A magnetization m: Q, — > § 2 has a finite energy if and only if 
one of the four vector fields m ± e x ,m ± e belongs to 

Proof. The necessity is Theorem 14.91 To prove the sufficiency we note that if 
one of the four functions m ± e£, m ± e belongs to then m S C(f2) with 

|cj| = 1, thus according to Theorem 15. II we get m £ A(Cl). 

□ 

Corollary 5.3. A magnetization m has a finite energy if and only if 

X7m,m y ,m z £ L 2 (il). 
Proof. The necessity is a consequence of Theorem 15.21 and the inequality 
\\ m y\\h(n) + \\ m z\\h(n) + \\^ m \\h(n) < min (||r7T,±i^||^ 1(0) , 4|a;| + ||m±e||^ 1(n) ). 
Assume now that S7m,m y ,m z £ L 2 (Q). By Lemma 14.41 we have 



m 



y\\h(n) + \\ m z\\h(n) < \\ m y\\h(n) + ll m zll!=(n) + C p^\\ v HI^(n) < °°> 



thus from ([7]) we get ||1 — rn x \\^i^ < oo. The rest can be done like in the proof 
of Theorem 14.91 

□ 
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Corollary 5.4. For any magnetization m £ A X (Q) denote 

*/ \ / m x (x) + l if x G (—00, 0] 
v y |_ m x (a;) - 1 if z e (0, +00), 

i/ien m* € L 2 (K). 

Proof. According to Remark 14.81 we have that there exists N > such that 
m x (x) > in [N, +00). We have by virtue of Corollarv l5.3l 



r+oo r+oo 

/ (m*(x)) 2 dx < 4N+ / (l-m 2 (a;))dx 
Jo ijv 

r+oo 

= 4iV+ / (m 2 (x) + m 2 (cc))dx 
< 00. 

□ 

We consider now the functional E mag for the magnetisations which are con- 
stant on each cross section, i.e., for m € A x . 

Lemma 5.5. For any m € A x the gradients \7u v and Vu s are orthogonal in 
L 2 {R 3 ). 

Proof. Since v is independent of y and s(x,y,z) = —s(x,—y,—z) then we get 
by direct calculation that E vs — 0. 

□ 



Thus for m <E A x (fl) the energy functional has the form 

2 

L 



E(m) = \uj\\\d x m\\ 2 L2(m + E v (m) + E s (m). 



6 The representation of E s in Fourier space 

Next we find the representation of E s in Fourier space which will make it more 
transparent. Let S denote the Schwartz class. Recall some properties of Fourier 
transform: 

1. (||) = <€,•/ for all feS 

2. (Parseval's equality) / R „ |/| 2 d£ = J" Rn |/| 2 d£ for all / € S 

3. J R „ I V/| 2 d£ = / RB d£ for all / G S and n > 3. 

By the density argument the first equality is also valid for all / : 1" — > K such 

that ^- e L 2 (M"). The third equality is valid if V/ € L 2 (M") and e L 2 (M") 

even when A/ is a distribution. For a given surface T C M 3 we denote the 
Hausdorff H 2 measure restricted to r by Sr- Let the point (0,0) be the center 
of symmetry of u and let the parametrization 

f y = y(t), te [0,2] 
\ 2; = z(t), t e [0,2] 

of <9w be chosen by symmetry so that y(t + 1) = —y(t), z(t + 1) = — z(t). Denote 
by z^(i) the outward unit normal to du at (y(£), z(t)). 
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Theorem 6.1. For every m G M x {tt) with a finite energy, 

Es(m) = ^{H 2 ^ 1 )! 2 + M V*(*l)| S 

ab(rhy(ki)rh z (ki) + rh y (ki)m z (ki)^ dk, 



+ ( 



where 



a(k 2 , k 3 ,u) = -2i / z'{t) sm(k 2 y(t) + k 3 z(t)) dt, 
Jo 

b(k 2 ,k 3 ,u) = 2i [ i/(t)sm(k 2 y(t) + k 3 z(t))dt. 
Jo 

Proof. We have for any k € K 3 
It is clear that 

/ e-^ k (soS diJ )(Od^= f f e- tik2V+k: > z) m(x)v(y,z)dydz-e- lklX dx 
Jm. 3 Jm Jdu 

= V2^m y (k 1 ) f e-^ k2y+k ^u(y,z)dydz 

+ V2^m z {k 1 ) ( e- t{k2V+k ^v{y lZ )dydz 

= V^rhyih) f z' •( t ) e -i(fc2»(t)+fc3*(t)) dt 
Jo 

r 2 

-V2^m,(fci) / y'{t)e' l[k2v{t)+k3z{t)) dt. 
Jo 

For convenience we investigate the two parameters a and b as follows: 

f 2 

a(k 2 ,k 3 ,u) = / z ' (t)e- t{k * v{t)+k3z(t)) dt, 
Jo 

f 2 

b{k 2 ,k 3 ,u) = - / y'(t)e-^yW+ k3Z ^ dt. 

Jo 



Note that since the curve du is closed 

f-2 



k 3 a-k 2 b = f {k 3 z'{t) + k 2 y'{t))e- l{k ^ +k3z{t ^dt = Q, (8) 
Jo 

a{k 2 ,k 3 ,u) = f z' {t)e- l(k ^ t)+k3z{t)) dt - f z 1 {t)e i{k2v(t)+k3z(t)) dt 
Jo Jo 

= -2i [ z'(t)sm(k 2 y(t) + k 3 z(t))dt. 
Jo 

Similarly we have 
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6(fc 2 ,fc 3 ,w) = 2i [ y'(t)sm(k2y(t) + k 3 z{t))dt. 
Jo 

From the distributional identity 

Au s = -so Sq u 
we obtain for the Fourier transform of Aw s 

\Au s (k)\ 2 = ■^\arn y (k 1 ) + bm z (k 1 )\ 2 

= ^{H^h)] 2 + \b\ 2 \m z (k 1 )\ 2 



+ ab(m y (ki)m z (ki) + rh y (ki)rh z (ki)) . 
Finally utilizing the third property of Fourier transform we obtain, 

E s (m) = [ \Vu s (k)\ 2 dk 

JR3 



l A ^)l 2 d fc 



\k\ 2 

i/ R 3^{' fl|2K(fcl)|2 + |6|2K(fcl)|5 

ab(rhy(ki)rh z (ki) + m y (ki)m z (ki)^ dk. 



□ 



7 An approximation for the magnetostatic en- 
ergy 

Next we prove that for sufficiently small diameters d the magnetostatic energy 
can be approximated by a quadratic from. 

Theorem 7.1. Determine 

= jf dk 2 dk 3l J2(*0 = l +0 ° J r |P dfc 2 dfc 3, 

£(*i) = I j / R ^dfc 2 dfc 3 . 
Then i"*(0), I 2 (0) and 1^(0) are given by 

jWp (j/(*) + j/(*i)) 2 + (*(*) + *(*i)) 2 w 1 7 



^ 2 (o)=w in jfj-f 1 ;; ^ftvft l)d tdt 

'[o,i] 2 (^) +2/(*i)) 2 + (*(*) + ^i))^ W ^ U 
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Proof. For convenience denote y = y(t), y\ — y{t\), z = z(t) and Z\ = z(ti). 
We have that 

|a| 2 = 4( j z'(t)$in(k 2 y(t) + k 3 z(t))dty 
1 p i 

z'(t)z'{t x ) sm(k 2 y(t) + k 3 z(t)) sm(k 2 y(t 1 ) + k 3 z(h)) dtdti 



IQ JO 

= 2 / z'z' 1 (cos(k2(y-yi) + h(z-zi))-cos(k 2 (y + yi)+k3(z + zi)))dtdt 1 . 
Jo Jo 

We have as well 

lL(0)= f + f^dk 2 dk 3 = 2f f z'zxl^dtdti, 
Jo Jr Jo Jo 

where 

r * f +oc f cos(k 2 (y - yi ) + k 3 (z - Zl )) - cos{k 2 (y + yi) + k 3 (z + Zl )) 

h= / p T p dfc 2 dfc 3 . 

JO JR "-2 "T" K 3 

Make the following notation: 
P= 12/ — 2/i U q= (z - zi)sign(y - y x ), r = \y + yi\, s= (z + zi)sign(y + y x ). 
Taking into account (|27fl and (|28p we obtain 

r+oo n 2 + (? 2 

In ■ 



i: = n —(e~ pk3 cos g/c 3 - e^ 3 cos sk 3 ) dk 3 

Jo «3 



2 r 2 + s 2 ' 



thus the first formula is proven. The proofs of the other two formulas are 
analogues. 

□ 

Theorem 7.2. Assume that I > 0. Then for any k± € [—1, I] the following 
bounds hold: 

l£(0) - /J(*i)| < + 2>)ld{per{dw)f, 
1^(0) - ^(fci)| < 87r(7r + 3)ld(per(duj)) 2 , 
1^(0) ~ < 60(Jd + 4(ld)* + 3(Zd)*)(per(du;)) 2 . 

Proof. First we estimate the difference |7^(fci) — i^(Q)|, the estimate for I 2 (fci) 
is straightforward. The validity of the inequality I^(ki) < 1^(0) for any k% E K 
is evident. Note that if fci G [— M] then 

j » (ti)a r7.wTww db * 
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thus we obtain 

, k% + k$ kl + (fc 3 + I) 

<■ I r ! 

< 



£(0) -£(*!)< / / H 2 (T2-T2-TT-7r— m dfc ^3 



2 / / |«V 1 |(|J 1 1 | + 1 4\ + \4\)dtdh, 
Jo Jo 



where 



! /" cos(pk 2 + gA; 3 ) - cos(rk 2 + sk 3 ) 
Ji= p — p dfc 2 dfc 3 , 

JO J~R k 2 "+" re 3 

ri /" +0 ° / cos(pfc 2 + gfc 3 ) - cos(pfc 2 + g(fc 3 - I)) 
J 2 = / p dfc 2 dfc 3 , 



+oo 



x l I cos(rfc 2 + sk 3 ) - cos(rfc 2 + s(fc 3 - I)) 
J 3 - I I 2 2 d/e 2 clfc 3 . 

^2 "r ^ 



We have by 



1^1 



i /.+0O 



cos pk 2 cos gfc 3 — cos r/e 2 cos s/c 3 



o Jo 
i 



^2 + ^3 

e -p k 3 cos qk 3 — e~ rk3 cos sk 3 



dk 2 dk 3 



< 7T 



< 2tt 



fc 3 

| cos qk 3 — cos sfc 3 



dfc, 



dfc 3 + 7T 



|cossfc 3 (e-P fc3 -e- rfc3 )| 



dk 3 



1 |Bina±Sfc3Bin^Aa| 



dfe + 7T 



1 

&3 



(e- fc3 *)dt 



di 



dfe 



< tt% - s\ + tt\ P - r\ [ max(e- pka ,e~ rka )dk 3 
Jo 



< 4-irdl. 

By virtue of Lemma A. 4 we have 



\J 2 I < (1 - cosgO 



cos(pk 2 + qk 3 ) 



^2 + ^3 



dk 2 d/c; 



| sin ql\ 



a ■ 2 ll 
4 sir — 

2 



2| sin gZj 



+oo 



sin(pk 2 + qk 3 ) 



k 2 + k s 
+oo r +oo CO s pk 2 cos qk 



dk 2 dk 3 



i Jo 

oo />+oo 



I Jo 



^2 + ^3 

cospfc 2 sin gfc 3 

^2 + ^3 



dfc 2 dfcj 



dfc 2 dfc 3 



< (4:Tr + 2n 2 )dl. 
Similarly \ j£\ < (4tt + 2n 2 )dl. Concluding we obtain 
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thus 



\Jl\ + \JZ\ + \4\<4n(K + 3)dl, 



< 87r(7r + 3)d/(per(o;)) 2 . 

Analogously we have 

^(0)-^(fci)<87r(7r + 3)^(perH) 2 . 
To estimate |i^(0) - I^(ki)\ we recall that b = ||a, thus 

Note that the integrand is positive if fc 2 > and negative if fc 2 < 0, therefore 



r+°o /-0 l I |2 



/• +o ° r fc 3iai 2 / i i \ J; „ 

Jo Jo 

/■+oo />C 
JO J-< 



v 3 - 

c+oo r / 2 ^ 



We have that 



5 ^ I , 9 , , 9 - 79—71 -779" ) dfc 2 dfc 3 



/■i-CX) /H 

Jo Jo 



h\ + k\ k\ + (fc 3 + If 



2 f /V'yiKIJfl + IJll + IJlDdidir, 
Jo Jo 



< 



where 



3 / >+ °° cos(pfc 2 + qk s ) - cos(rk 2 + sk 3 ) 
J i= / p— T2 dfc 2 dfc 3 , 

JO JO K 2 ' K 3 

3 _ f + °° f+°° cos(pfc 2 + gfc 3 ) - cos(pfc 2 + g(k 3 - Q) 
J 2 - / / 2 2 cl« 2 cl/c 3 , 

J; Jo ft 2 "r" ft 3 

73 _ /-+ 00 f + °° cos(rfc 2 + sfc 3 ) - cos(rfc 2 + s(k 3 - I)) 

' h J, Jo WTki dk2 dh - 
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Utilizing now Lemmas A2 and A3, and the estimate for J\ we get 



ui\< l 4 1 + 



I(p, k 3 ) sin qk 3 dk 3 



+ 



/ I(r, fc 3 )si 
Jo 



sin sk 3 dk 3 



< 2nld + 7p? 



qk 3 
o kl 

< 2ttW + 30(W)3. 
Utilizing Lemma A4 we get 



dfc 3 + 7r3 



sfc3 
<» kj 



dk 3 



|jf|<2sin 2 ^ 



+ 00 Z' + OO 



+ I sin (7/I 



i Jo 

+00 />+oo 



J^ Jo 



cos(pk 2 + <7fc 3 ) 
fc 2 + k 3 
sin(pfc 2 + #3) 



dk 2 dk 3 



< 



{qlf (2tt 28p 



— + 



+ ql 



^2 + ^3 

28p* 7T 2 



dk 2 dk 3 



< 10(3W + 4(/d)s +4(id)». 



Similarly we have 

|jf| < 10(3Zd + 4(Zd)3 +4(fd)i 

Concluding we obtain 
JO Jo 



a 6 



1 



1 



k 2 2 + ^ k 2 2 + (fc 3 + If 



dk 2 dk 3 



< 20(7ld+8(ld)* + ll{ld)*)(per(du})) 2 . 
The same estimate for 

r +oo r 



ab 



1 



1 



'0 I x \^2 + (^3+0 2 ^1 + k 2 J 

is straightforward. For 1% we get 

l^(0)-^(fci)l < ^0(7ld+8(ld)i + ll(ld)^)(per(duj)) 2 for all k x E [-1,1]. 

□ 

Corollary 7.3. Denote u = di (per(co)) 2 . Then for sufficiently small d and for 



any k\ € 



1 1 

Vd' Vd 



we have 



|/J(0)-Jj(*i)|< U) 

|j2(o)-i2(Ai)|<«, 

|/S(0)-/»(Ai)|< 400«. 
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Now we are in the situation to prove an approximation theorem for the 
magnetostatic energy. For convenience we denote A^ = 7^(0), B u = I%(0), 

= 1^(0). By virtue of Theorem 17.11 the parameters A u , and C u depend 
homogeneously on the diameter of u) with exponent 2. 

Theorem 7.4. Assume m S M X (Q) and m y ,m z G L 2 (M.). Define 



E*(m) = I (^|m y (x)| 2 +B w |m z (x)| 2 +(7 tJ (TO a (s)m2(a:)+m y (x)TO z (a;))) dx. 



For sufficiently small d the following inequality holds: 



\E s (m)-E* s (m)\<23u / (\m y (x)\ 2 + \m z (x)\ 2 ) dx + ^ + , 



Proof. For any ! > we have that 



E ex (m) 



> 



> 



uj\d 2 J \d x m(x)\ 2 dx 

u\d 2 [ (\d x m y (x)\ 2 + \d x m z (x)\ 2 )dx 



to\d 2 J (\d x m y (x)\ 2 + \d x m z (x)\ 2 ) dx 
tu\d 2 f \x\ 2 {\m y (x)\ 2 + \m z (x)\ 2 )dx 



Lo\d 2 l 2 / (\m y (x)\ 2 + \m z (x)\ 2 )dx, 

R\[-M] 



which implies for I = -^=, 



/ 

J MS 



(\ri y (x)\ 2 + \ni z (x)\ 2 )dx<^^. 



It is clear that for any k\ € 



(9) 



+ 00 



/;(/■■,! : / / ^dfedfc 3 



\db\ 



< 



+oo , ,12 



dk 2 dk 3 



JM 1^1 JO 
(/i(*l)--£(fcl))*<(^Ba,)*< 



dfc2 d/c; 



thus 



l^(fci)l < 



(10) 



Utilizing Corollary 17.31 and inequalities ([9]) , ([Toll we obtain 
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\E s (m) - E* s (m)\ < ^ \ \A U - li(x)\\m y (x)\ 2 dx 



f \B u -ll{x)\m z {x)\ 2 Ax 



— ^ / \m y {x)\ 2 dx + ^ / |m z (a;)| 2 da; 

400u /"Td 



2tt 2 
2tt 2 



(|m y (x)| 2 + \m z {x)\ 2 )dx 



; 



+ \m z (x)\ 2 dh 

.J^ -J_i 



< 25u I (\m y (x)\ 2 + \m z (x)\ 2 ) dx + ^ + B ^ E ^ 



<K 2 \u\d 

□ 

Lemma 7.5. For any numbers < s < r denote i?(s, r) = [— s, s] x [— r, r]. 
T/ien /or points (y\,z{) € R(s,r) the following bound holds: 



y fi ( s , r ) Vfe - yi) 2 + (^i) 2 v s ; 

Proof. It is clear that 

dj/ dz /" dy dz /" dy dz 



/ < 



R(2s,2r) \/y 2 + Z 2 JR(2s,2s) \J y 2 + Z 2 J R{2s.2r)\R{2s.2s) y/ y 2 + Z 2 

< l_f dydz r*dy 

AJ D 4 ^jo)^y 2 + z 2 J 2s V 



= 2V27rd + 8s In - 
s 

< lOsfl + ln- 

V s 

□ 

Lemma 7.6. For any m 6 A x (fi) i/iere exists a constant M m depending only 
on m such that 

E v (m) < M m d 3 (l + d). 

Proof. By density argument equality (0]) holds for ip = u v , thus utilizing Theo- 
rem [5TT| we obtain 



E v {m) 



[ \Vu v \ 2 = [vu v = [ [ m-^)v(Ov(^)d^d^. 
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We have that m € A x (Cl) so v(x, y, z) — d x m x (x) thus 

Ev{m)= T,LL — — deda 

where £ = (x,y,z) and £1 = (xx,yi,zi). 
It is clear that 

d x m x (x) f° dm*(x) f + °° dm* (a;) 

da; — ' 



IC-fil i-oo Jo l€ — e 



2 f ( x — xi)m*(x) 

' - ax, 



^xi + (y- yi ) 2 + (z- zi) 2 Jr IC-fil 

hence taking into account the fact that w can be placed in a square with sides 
parallel to the y and z axis and lengths d we obtain for the energy 



where 



E v (m) < —h+h, 



7 i , \d x m x (x{)\ m A a 

Jn \Jx\ + [y - yiY + (z - z x y 
\d x m x (xi)m *(x)\ 
inJn l£ — £i| 



We have 

|^m x (xi)| 



^i + (J/"2/i) 2 + ( 2 - 2 i) 



dxi 



!/■/,„ . 1 



= - 2 wd x m x f L2m + 2V(y _ 2/i) r +(z _ zi)2 - 

Utilizing now Lemma 17.51 we get 

h < -\d x m x \\ 2 L2(R) d 4 + \ [ [ 1 dyidzidydz 

4 v/(y- yi) 2 + (z - zi) 2 

< ^|^m x |j 2 2(R) d 4 + 10d 3 . 

By making a change of variables £2 = 6i ~ £ and utilizing again Lemma 17.51 we 
get 

/// \m*(x)\.\dm(x 2 +x)\ d ^ 

Jn JMx[-d-y,d-y]x[-d-z,d-z] Is2| 

<!/ / n^(,)| 2 + |^(x 2 + ,)i 2 dxd6dydz 

2 JR(d,d) JRx [-d-y,d-y] x [-d-«,d-*] Is2 1 

= 2d 2 (||ml| 2(R) + Rm K || 2 2(R) ) / 

v 7 Jnx[-d-y,d-v]x[-d-z,d-z] Is2| 

= 27rd 2 (||m*||| 2(R) + ||5 a m x |||, 2(a) ) / 1 dyi dz x 

v JR{d,d) V(j/i - 2/r + ( z i ~ 2 ) 

< 207Td 3 (|| 
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The summary of the estimates for I\ and I2 and Corollary 15.41 completes the 
proof. 

□ 



8 Existence of minimizers 

In the next step we prove a compactness lemma which will be crucial in both 
the existence and the T-convergence theorems. 

Lemma 8.1. Assume that the sequence of magnetizations {m n } satisfies 
m n : 17 — >■ S 2 and E(m n ) < C for some constant C. Then there exists a mag- 
netization m° : ft — > S 2 such that for a subsequence of {m n } (not relabeled) the 
following statements hold: 

(i) Vm" — Vm° weakly in L 2 (il) 

(ii) m n — > m strongly in Lf oc (Q,) 
(Hi) E{mP) < liminf E(m n ). 

Proof. Let u n be the weak solution of An = divm™. We have that 

|Vto"| 2 + f \Vu n \ 2 < c 

thus {Vm"} and {Vu„} contain weakly convergent subsequences (not rela- 
beled), i.e., 

Vm" / weakly in L 2 (fl) (11) 

and 

Vu„ g weakly in L 2 (R 3 ) (12) 
for some for some / € L 2 (VL) and g E L 2 (M. 3 ). Since |m"| = 1 in ft we have that 

m™ e W 1 - 2 ([-N, N] x u>) for any JVeN. 
Taking into account the fact that the embedding 

W 1<2 ([-N,N} x u) ^ L 2 ([-N,N] x u) 

is compact, one can extract a subsequence from the new subsequence {m n } (not 
relabeled) converging to some m° in L? ([— N, N] x un . Doing this for all natural 
values of N and applying a diagonal argument to the extracted subsequences 
we obtain a subsequence of {m™} (not relabeled) such that in addition to (fTTj) 
and (|12[) we have m n — > m° strongly in L 2 oc (£l). 

Applying a standard argument we can deduce that m° is weakly differen- 
tiable and Vm° = /. We extend m° outside as zero. A standard argument 
then shows that 



/ m -Vv2d£= f g-\7ipd£ for 



all tpeC^iW). 

Since g € L 2 (R 3 ) the equation An = divg has a weak solution Uq which is 
equivalent to 

/ g-VLpd£= I Vu -Vipd£ for all 



/ Vito-V^df for all tp e C °°(M 3 ), 
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thus 

/ m° ■ V</?d£ = / Vu • V^d£ for all ip E C£°(R 3 ) 
which means that uq is a weak solution of 

Am = divm . 
Since g € L 2 (M 3 ) we already know that 

||Vu ||l 2 (R3) < ||5||l,2( R 3). 

Therefore by virtue of (fTTj) and (fT2"|) we obtain 

I|Vuo||l2 (R 3) < |jg|| L 2 (R3) < liminf ||Vm„|| L 2 (R 3 ) 




which yields 

E(m°) < liminf E{m n ). 

71— J-OO 

□ 

We are now in a situation to prove an existence theorem which is the analog 
of theorem (17) in [19] for C 2 cross sections. 

Theorem 8.2 (Existence). For every bounded, simply connected andC 2 domain 
uj there exist a minimizer of E is A. 

Proof. Let m n be any minimizing sequence, i.e., 

lim E(m n ) = inf E(m) := E min (ti). 

Since the sequence {E(m n )} is bounded we can extract a subsequence {m n } (not 
relabeled) that has a limit m° € (f2) in the sense mentioned in Lemma HTT1 
If we could show that mP € A then m° would be the desired minimizer because 
of the fact that 

E(m°) < liminf E{m n ) = E min (Q). 

n— ^oo 

But m° does not have to belong to A in general because the boundary conditions 
at ±oo could be violated. To overcome this difficulty we construct a minimizing 
sequence so that its limit belongs to A. We choose any minimizing sequence 
{to"} as above with a limit to in the sense mentioned in Lemma 18. II The idea is 
to show that the desired minimizing sequence can be constructed by translating 
each magnetization m n by a factor x n in the x coordinate direction. First of all 
note that the minimization problem is invariant under translations in the first 
coordinate, that is if m G A then obviously to c (cc, y, z) = m(x — c,y, z) € A and 
E(m c ) = E(m) . Since E{m n ) -s- E min (tt) then |£:(TO n )| < M for some M and 
for all n G N. For any n G N consider the sets A n , B n and C n defined in the 
following way: 
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B, 



A, 



C, 



'n 



n 



■n 




Since to™ is continuous in R then for all n £ N, A n , _B„ and C„ are a finite or 
countable union of disjoint intervals. By virtue of Lemma 14.71 and Remark 14.81 
one of the intervals in A n has the form (— oo, a n ) and one of the intervals in C n 
has the form (c„, +00) (note that to™ is negative at —00 and positive at +00.) 
We distinguish two types of intervals in B n . The interval (a, 6) C B n is said to 
be of the first type if \ fh n (a) — fh n (b)\ = 1, and of the second type otherwise. By 
Lemma T4.7I the sum of the lengths of all intervals, as well as the number of the 
first type intervals in B n is bounded by a number depending only on M and u>, 
i.e., a constant not depending on n. Suppose first that there are no second type 
intervals in B n for all n € N. Let us paint all the points of A n , B n and C n with 
respectively black, yellow and red color for all n £ N. We call the increasing 
sequence {rife} with natural entries "good" if for every k £ N there exist two 
intervals (a^a^) C A nk and (cf,c§) C C nk such that 

a 2 - a l -> c 2 - c l -> +°°) < c l - «2 < C 

for a constant C not depending on k. The endpoints a\ and can also take 
values — 00 and +00 respectively. If this is the case, the subsequence {m nk } will 
also be called "good". We prove that for any minimizing sequence {to™} C A(H.) 
there exists a "good" subsequence {rife}. For every fixed n there are some black, 
yellow and white intervals between (— 00, a„) and (c n ,+oo). Note that if the 
number of yellow intervals is less than s then the number of both black and 
red intervals are less than s + 1 because there is obviously at least one yellow 
interval between any two black and any two red intervals. Therefore the number 
of all intervals is less than 3s + 2. Since n was arbitrary we get that the number 
of all the intervals in the n-th family of the constructed intervals is bounded 
by the same number S. Let us number both the red and the black intervals 
in any family of intervals. We prove the existence of a "good" subsequence 
by induction in S but we first reformulate the problem as follows: Suppose we 
are given a sequence of natural numbers S n and a sequence of families of S n 
disjoint intervals on the real line pained with black and red color for all n £ N. 
Assume S n < S and the sum of the lengths of S n — 1 gaps between the intervals 
of the n-th family is bounded by the same number M for all n £ N. Assume 
furthermore that for any n £ N the far left placed interval is black and the far 
right placed interval is red and their lengths tend to +00 as n goes to infinity. 
Then there exists a subsequence {rife} and two intervals (a^af) an< i ( c i> c 2) m 
the rife-th family such that (a^af) is black, (cf,c|) is red, and 



a 2 — «i -> +°°, 




+00 



< c\ - a\ < Mi 



(13) 
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for a constant Mi and all k £ N. The case S = 2 is evident. Assume it is true 
for S < N and let us prove it for S = N + 1. Since S > 3, in every family there 
are at least two intervals of the same color. Assume that for infinitely many 
indices n there are at least two black intervals in the n-th family. We consider 
now the subsequence of the families with such indices. We consider the far right 
placed black intervals for all such families. There are two possible cases: 
Case 1. For a subsequence their lengths tend to +oo. 

In this case we can omit all the intervals placed on their left side which leads to 
a situation with less intervals in every family (in such a subsequence) fulfilling 
the requirements of the statement, so by induction the existence of a "good" 
subsequence is proven. 

Case 2. Their lengths are bounded by the same number M%. 

In this case we can omit this intervals and this will lead us to a situation with 

less intervals in any family fulfilling the requirements of the statements so by 

the induction the existence of a "good" subsequence is proven 

Let us get now back to our situation. If we omit all the yellow intervals from 

the real line for all n £ N then the families of the black and the red intervals 

fulfill the requirements of the statement proven above, thus the existence of a 

"good" sequence is proven. Take the two intervals [a^a*] and [c^c^] for all 

k £ N and denote the the "good" sequence of the magnetizations again by {m k } 

which will also be a minimizing sequence. We transfer the origin of the real line 

to the point a\ for any m k and denote 

m good( x , v, z ) = mk ( x + a 2> y, z )- 

As we already know {m k ood } is a minimizing sequence and furthermore if we 
put a\ — a\ — a\ , c\ — c\ — a\ and c\ = c k — a\ then 

m k good{ X ) < ~\ for X e h a 3>°] and mgoodix) > \ for x ^ [4> 4]) 

where 

a\ +00, c\ - c\ -> +00, < C3 < M 3 . 
By Lemma one can extract a subsequence from {m k ood } (not relabeled) with a 
limit m° £ A(H,). Let us now prove that actually m° £ A(fi). Recall that for 
any magnetization m the inclusions m ± e£ £ L 2 (f2+), m ± et £ L 2 (f2_) are 
equivalent to 1 ± m x £ L 1 (0,+oo), 1 ± fh x £ i 1 (— c»,0) respectively. Since 
m° £ A(Vl) according to Theorem 15.21 two of the four statements must hold: 
1 ± m° £ iNf), +oo), 1 ± m° £ L^-oo, 0). We have for any fixed R > 0, 



\ m x m good,x 



dx = 



< 



M 
1 



(m° ~m k d )dydz 



R Jui 



dx 



\ m x ~ m good,x\ 



dy dz dx 



<-±-[2R\w\- I \m x -™ k good.x\ 2 ^ 



\\ m x ~ m good,x\\L2([-R,R]xuj) ~> 
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as k — > oo because of the strong convergence m k good — > m° in L 2 oc (f2). Therefore 
a subsequence of {m x gooi i(x)} converges pointwise to fh x (x) almost everywhere 
in [— R, R\. Giving R all natural values and applying diagonal argument we 
obtain that a subsequence of {fh x good (x)} converges pointwise to fh x (x) almost 
everywhere in R, therefore fh x (x) < — h a.e. in (— oo,0) and rh x (x) > ^ a.e. in 
[M3, +00) which itself yields l — fh x and l+m x can not belong to 00, 0) and 
L 1 (0,+oo) respectively, therefore l + m x £ L x (— oo,0) and 1 — rh x £ L 1 (0, +00), 
thus m° £ A(Q). The theorem is proven for the case when there is no second 
type yellow interval. Assume now that there are such intervals. Throwing away 
all the second type yellow intervals from the real line we can regard the rest of 
the real line as a real line without gaps simply by shifting all the intervals to 
the left hand side such that after that operation no overlap occurs and there is 
no gap left. To be more precise, we shift each interval to the left hand side by a 
factor equal to the sum of the lengths of the gaps between that interval and — 00. 
During that operation we unify the black and red intervals with the neighboring 
intervals of the same color but we regard the possible neighboring first type 
yellow intervals as separate. We get a situation like above and therefore we can 
prove the existence of a "good" subsequence. It is easy to show that since that 
sum of the lengths of the second type yellow intervals in each family is bounded 
by the same constant then the in Lemma 18.11 described limit of the obtained 
"good" subsequence will belong to A(Q) and hence will be an energy minimizer. 

□ 



9 The convergence of the energies 

Fix a cylindrical domain = K x lu £ R 3 , where w is a bounded, centrally 
symmetric and simply-connected domain with a C 2 boundary. Assume that the 
sequence {d n } satisfies d n — > 0. Consider the sequence of homothetic domains 
f2 n , where f2„ = d n ■ tt. By considering then minimization problem ([T]) in each 
domain Q n we get a sequence of minimization problems. We will rescale the mag- 
netizations in the y and z directions as follows: m n (x,y, z) — m n (x,d n y,d n z) 
for m n (x,y,z) £ il n . It is clear that rh n : ft — > S 2 . Instead of minimization 
problem ([T]) we consider the problem 

, Elm) , s 

inf J2 • (14) 

me^(n„) «„ 

Denote E n (rh) = En d 2 ; where the superscript n indicates that the energy is 
regarded in Q n . It turns out that for any choice of the sequence {d n } the sequence 
of minimization problems (|14[) T— converges to a one dimensional problem that 
depends only on the domain Q. It is clear that the rescaled energy functional 
will be 



E n {m) = J (\d x m(0\ 2 + ^p\d y H0\ 2 + ^\dMO\ 2 ) + ^C 9 H- 
The reduced variational problem energy functional is give by 

Eo(m) = \u\ f \d x m\ 2 dx + ^ f (\m y \ 2 + \m z \ 2 ) dx 
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\tuiiTLy + m z | 2 da;, if m = m(x), 



2ttH u 

Eo(m) = +00, otherwise 
where the numbers o u and f u are defined as follows: 



and 

We will show later that a w , f w > 0. 

The admissible set for the reduced variational problem is A(SY), thus the 
reduced minimization problem is 

inf E (m). (15) 

Define 

X(fl) = {m: fl K 3 : Vm£L 2 (0), m y ,m z £ if oc (f2)}. 

Now we define the notion of convergence of the magnetizations we are going 
to use for the T-convergence of the energies. 

Definition 9.1. The sequence {m™} C X(Q) is said to converge to m € X(f2) 
as n goes to infinity if, 

(i) Vm™ — 1 Vm weakly in L 2 (fl) 

(ii) m" — > m strongly in Lf oc (fl) 

Theorem 9.2 (r-convergence). The sequence of rescaled variational problems 
T— converge to the reduced variational problem. This amounts to the following: 

(i) (Lower semicontinuity) If a sequence of rescaled magnetizations {m™} 
with rh n G A(Q) converges to some m° G X(Q), then 

E (m°) < lim inf E n (rh n ) 

n— >oo 

(ii) (Construction) For every m° G A(tt)(A(il)) and every infinitesimal se- 
quence of positive numbers {d n }, there exists a sequence {m n } with entries 
in A(fi, n )(A(Q n )) such that 

rh n — > m°, 
E (m°) = lim E n (rh n ) 

n— f 00 

(Hi) ( Compactness) Let (d n ) n ^jq be an infinitesimal sequence of positive num- 
bers. Let m™ G A(fl n ) and let {E n (rh n )} be bounded. Then there exists a 
subsequence of{m n }(not relabeled) such that (m n ) Tl gN converges to some 
m G A X (Q) in the sense of Definition \9.f\ 
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Proof. Lower semicontinuouty. We need to first prove some inequalities on 
A Un , B Un , and C Un . Let us first prove that the numbers A and B are strictly 
positive (recall that A uln — d 2 n A u and B LJn = d^B^.) Indeed, suppose for in- 
stance that A = for some uj. Obviously the set A x (fl) is not empty. We fix a 
magnetization m £ A X (Q). We have 

/>+oo /> I |2 

A « = / / ^TT2 dfc 2dfc 3 = 

JO JR K 2 i K 3 

thus a(fc2, ^3, w) = a.e. in R 2 , b(k,2, k%, to) = | 2 a(fc2, £3, w) = a.e. in R 2 . 
This means that 

£ s (m) = 0= / |Vu s | 2 d£, 

Jr 3 

thus 

Vu s = a.e. in R 3 . 

According to (0} we have 

/ Vu s -V^d£=/ s<^d£ for any ip e C£°(R 3 ) 

thus s = a.e. on 9f2 which means ™ a = and m z = a.e. in f2. Taking into 
account that m x is a weakly differentiable function of one variable, m x must be 
continuous in R, therefore it must be identically 1 or —1, which contradicts the 
fact m £ A x (£l). Let us consider three cases. 
Case C u = 0. 

We can without loss of generality assume that the limit linin^oo E(rh n ) exists 
and is finite. Thus E(m n ) < Md 2 n for some constant M. According to Corollary 
(|4.6p we have 

E mag (m) - E mag (m) = S n ■ d 2 nl where lim S n = 0. 

n-4-oo 

By virtue of Theorem 17.41 we have 



E(m n ) E mag (m n ) 
~ dl ~ dl 
_ E mag (rh n ) E s {m n ) 

~ A2 + ° n - M + °" 

- I '^ (x)|2 dx+ ^L l<(x)|2 dx 

- 23 U / {\m n Jx)\ 2 + \m n z (x)\ 2 )Ax - ^%±^l rf„ - 

> f-i-min(^,B w )-23 U / V|m^(x)| 2 + K(z)| 2 ) dx - ^%±-^rf„ - «J, 
V2vr 2 7 R y y ir 2 \u\ 

thus 

/ (|m^(x)| 2 + \fh n z (x)\ 2 )dx < , 4 , 7r . 2M R , 
Jr tf mm(A ,B ) 

Therefore we obtain 
liminf g ™*( mW ) > liminf f i% / K(:r)| 2 dz + ^ / |m';(x)| 2 dx) (16) 
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(17) 



It is standard that if f n — > f is the sense of Definition 19.11 then 

lim inf 1 1 /" || & > || f y \\ mn) , lim inf 1 1 \ \ L * m > \ \ f z \ \ v (o) • 

Therefore utilizing Lemma 14.41 and ([16]) we establish 

E (m-) ^ K I H[x)?dx+ ^f \fn z (x)fdx. 
n->oo d l n 2n 2 J R 2tt 2 J r 

From the weak convergence d x fh n — 1 d x m° in L 2 (Q) we have 

Hmmf||Vm n ||£ 2(n) > ||^rf»°||| a(n) , 

which gives together with (fTT)) . 

lim inf E(m n ) > E (m°). 

n— too 

Case C u > 0. 

Let us first we prove that C 2 < A^B^. Denote 

c - - r l >Mw) dfe *• c: - r r * *■ 

so that < 0, C+ > and C w = + C+. We have by the Schwartz 
inequality \C~\ 2 < A^B^, |C+| 2 < A u B Ul moreover in both cases the equality 
is not possible because as we saw before neither the ratio is constant, nor 
any of and is a.e in the integration regions. Taking into account that 
|Cw| < max(|Cj|, |C+|) we get C 2 < A^B^. We have furthermore for any t n , 



m n y -m?+m n z - m™ = -{\t n m n y + m^ 2 - t 2 n \m n y \ 2 - \m n z \ 2 ), 



1 

thus 

c 

Et(m n ) = Aun ~*f"" jf \m^(x)\ 2 dx + / ,„:'(,)|M,- 



Choose i„ such that 
which is 



C 

t n Cu,„ = B u „ — 11 > 



" = 2QZ ' (18) 

which is possible because C 2 n < A^^B^^. Note that t n does not depend on n, 
namely 

. A U ~B UJ + ^(A^-B^+AC 2 
20, 
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Set a Un = A Un — t UJ C Un = d 2 (Aj —t u C u ). With this notation we have 
K(m n ) = ^ I (\m v (x)\ 2 + \m z (x)\ 2 )dx+^- f \t u m y (x) + m z (x)\ 2 dx. 
Like in the case C u = we can prove that 

%«) . , E ex {m n ) . c E mag (m n ) 
hm mf - — > lim mf - h lim mf ^ 

>|w| / |a,m°| 2 dx + liminf ^ f (\m^(x)\ 2 + \m^(x)\ 2 ) dx 

+ hrninf ^g- / \t u fftf(x) + rh n z (x)\ 2 dx 
> E (m°) 
Case C w < 0. 

Note that formula (fT5|) defines a negative i w , thus > 0. Note furthermore 
that a u > 0. The rest is analogous to the case C u > 0. 

Construction. As a candidate for to™ we take the constant sequence 
to™ = m° in Q n . According to Theorem 17.41 we have for sufficiently big n 

E s (m n ) < E* s {m n ) + C(df + d n E ex (m n )) < Cd 2 n 

for some constant C. Coupling this inequality with Lemma 17.61 we discover for 
big n 

E(m n ) < Cd 2 n . (19) 

In the lower- semi- continuity part we showed that if (|19p is satisfied then for 
big n we have 

4Cn 2 

, ^ , r 1 - 4- Ml" I r J "hi, • 



(K(x)| 2 + K(x)| 2 )dx< 



thus utilizing again Theorem 17.41 we obtain 

E s {m n ) E* s (m n ) 
lim sup -3 < hm sup 



= E (m°)-\u;\ I |^m°(x)| 2 Ac. 



We have as well according to Lemma [71)1 

■E 1 (jn n } 

< lim " l „ ' < lim M m o ■ d n (l + d n ) = 0. 

The last two inequalities complete the proof. 

Compactness. We have that E(m n ) < Md^, thus for big n we have 

\\d x m n \\<C, \\V yz m n \\<Cd n) 

for some constant C. Like in Lemma 18.11 we prove the relatively compactness 
of the sequence {m™} with respect to the convergence defined in Definition 
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19.11 Assume a subsequence {m™} (not relabeled) converges to some m°. By 
||V yz m' l || < Cd n we get that m° depends only on x, and by the lower semi- 
continuity part we have that 

E (m°) < liminf E(m n ) < M < oo, 

n— >oo 

thus m° g A^fi). 

□ 

Corollary 9.3. If a sequence of magnetizations {m n } satisfies E(m n ) < C for 
some constant C then 



E(m n )> [ |Vm"| 2 + -^- / 
Jn„ 27r M Jn r , 



(|m"| 2 + K| 2 ) + (4) 



10 The minimal energy scaling and the rate of 
convergence 

Next we find the minimal energy scaling. Recall that one can determine the 
minima of the energy functional 



E a (m)= / \d x m(x)f dx + a / {\m y {x)Y + \m z {x)\ z )dx 
Jr Jr 

where a > and the admissible set is 

i = {™:K^K 3 : H = 1, m - e e H 1 (M)}. 

By virtue of Lemma 14.71 and Remark 14.81 we have that lim^^-too m x = ±1, 
thus we can parameterize m as follows: 

m x {x) = shnp{x) 
m y (x) — cos <p(x) cos #(x) 
to z (a;) = cos sin 9(x) 

where ip E [— -f j §], € [0, 27r) and <^(a:) — > ±5 as i-j ±oo. It is clear that 

E a {m) — I <p' 2 {x) + 9' 2 {x) cos 2 ip(x) dx + a / cos 2 ip(x) dx 
Jr Jm 

> / ip' 2 (x) dx + a / cos 2 ip(x) dx 



>2\fa / |<^'(a;)||cosy(x)|dx 
Jr 

>2\fa / (p'(x) cos <p(x) dx 



1\fa. l costdt 
Ay/a 



:\2 



and the equality holds if and only if the following conditions hold: 

ip' 2 (x) — a cos 2 tp(x), (p' (x) cos (f(x) > 0, 

6'(x) cos 2 ip(x) = for all x e E. 
The solution is then 

9 = const, ip a r = arcsin - ■= , where 8 > 0. 

^ P e 2 ^ x ■ /3 + 1 

For m we get 

Tfi = -— = ! -r - ^ cos#, — — = smO . (20) 

Note that the minimal value of the energy does not depend on 9 and for a 
fixed 9 any minimizer can be obtained from m a := to"' 1 by translation in the x 
direction. The minimizer m a satisfies m"(0) = 0. The minimal value of E a in 
Ao will be Ay/a. Let us now find the minimal vale of the reduced problem for 
any uj. Observe that the limit energy 



Eo(m) > M / \d x m{x)\ 2 dx + £l f (\m y (x)\ 2 + \m z {x)\ 2 ) Ax > 

Jr ^ Jr n 

and the minimum is realized by an vn auj satisfying 

a ^ = ~ i and turn?." + m" u = 0, x e E, 
27H|u;| y 

thus 6 W = — arctani w . All other minimizers of the limit energy Eo(m) are 
obtained by translations of m a " . 
Denote 

/ f ,2 y /aZx_ 1 2e^ x n 2e^ x 
m — - ■ — , - - — cos U , - , — sin 9 U 

^2sfux _ y 

— arcsin - ■= , and 9 U = arctani^. (21) 

r v ' e 2^fax _|_ ^ 

The minimum of the limit energy is then 



Next we denote 



and show that 



E o = Z 

7T 



E™ m = min E(m), 



lim = ET n 

n—>oo 



We will actually prove a rate of convergence. 
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Theorem 10.1. For sufficiently big n the following bound holds: 



rpmin 



<22^\P^{per{Lo)fdl 



Proof. We have that fl n = K x (d n ■ lu). Consider as usual the constant sequence 
of magnetizations m" = to" regarding m" as a magnetization defined in Q n , 
where m u is the minimizer in (|21[) . It is clear that 

to™ e A n and £™ n <E(m n ). 



We have that 

£ g:c (to™) = c w d 2 / \d x m"\ 2 dx. 
and according to Lemma 17.61 

E v (m n ) < M m »dl(l + d n ). 
m u is the minimizer of the limit energy Eq , thus 



(22) 



\d r m u rdx = 



(\m»\ 2 + \m»\ 2 )dx = 27r* 



'2M 



We have that 



£;(™-) = ^^(Ki 2 + Ki 2 )dx 

hence by virtue of Theorem 17.41 we get 



E s (m n ) < K(m n ) + ■ u n + d M^L + B «)^ 



Recall that u n = dn (per(w„)) 2 = d n e (per(w)) 2 , therefore from last inequality 
and (|22p we obtain for big n, 



— 75 < 507rW (perfcjj) 

OS 7T V o u 



(23) 



Assume now to™ £E ^4(f2 n ) is an energy minimizer. Then by (|23[) we have for 
bin n that, E(m) < Md 2 nl with M = 3 V 2 H Q ^ _ By virtue of Theorem 17^1 



Md 2 > [p-23ti, 
thus we get for big n 



-,n\2 | |™rt|2 



m?r)drc 



M(A Un +B Un )d n 



{\m^ + \m n z Y)dx< 



3tt 2 M 
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Applying now Theorem 17.41 again and taking into account the last inequality we 
establish for big n 

70n 2 M 

E s (m n )>E* s (rh n )~- u n . 



For the energy functional of to™ we obtain 



2U 



E(m n ) > E ex (rh n ) + E*Jm n ) - 2Wn\ • u n 

Recall that the vector \vaY x ^.±r X1 to"(x) — ±1, hence by the argument done for 
the functional E a (m) we establish 



dl 



> -210tH 



/2U 



By Lemmas 14.31 and 1431 we have that if E{m n ) < Md\ then 

E ma g{m n ) E mag (fh n ) 

M j5 = d " 

dl d l 

as n goes to oo, thus 

E(m n ) > E ex (fh n ) + E mag (m n ) + 0(d 3 n ) = E(m n ) - 0(d 3 n ). 
Finally taking into account (|24p and (|23| we discover for big n, 



E(m n ) 2^2\u\ 



dl 



< 22071-' 



'2M 



(per(w))^ 



(24) 



□ 



11 Convergence of almost minimizers 

Throughout this section we will consider a sequence of domain-magnetization- 
energy triples (fi n , to™, -E(rn™)) n6 N such that !!„ = lx (e?„ ■ u), m n £ A(f2 n ), 
d n — > and 

l im = E ™ m . (25) 

n-»oo d„ 

We will call such a sequence almost minimizing. 

Lemma 11.1. If {m 11 } converges to some m° G A x (fl) in the sense of Definition 
Wl\then 

(i) lim„^oo 1 1 Vto™ = ||Vm°|| L 2( n) , 
fiij limn^oo ||TO™||L2 (n ) = ||m°|| L 2 (n ), 
(Hi) limn^oo \\m 7 >\\ L 2 (n) = ||m°|| L 2 (0 ). 
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Proof. We have already shown that the above limits with liminf are big or 
equal than the corresponding expected limits, thus it remains to only show 
the opposite inequalities with limsup . Since E(m n ) < Md\, then we have by 
Lemma 14.61 

Um Wm") = Um E (fn") _ 

rn-oo d„ n-^oo d Z n 

Assume now in contradiction that one of the three inequalities fails. Therefore 
we have for some S > 

v E{m n ) ( 2 . E mag {m n ) 
limsup — — > max I limsup \ \o x m ||j,2(q) + limmf , 

l- • run 'nil 2 it E rna q{rn 

limmf \\o x m || L2 f nl + limsup 



L 2(Q) T imisup 

71. — ^OO l*„ 



> J n \d x m (0\ 2 d^ + ^ / (\m v (x)\ 2 + \m° z (x)\ 2 )dx + 6 
> ho, 

7T 



□ 



□ 



which contradicts 

Corollary 11.2. Let {to™} and m° be as in Lemma Jl 1 . 11 XTien 

(%) lim^oo \\m™\\ L 2 (n) = ||m°|| L 2 (0) , 

(ii) lim, woo ||TO I 2 1 || L 2 (n ) = ||m°|| L 2 (s:2) . 
Proof. It follows from Lemmas 111.11 and 14.41 

Lemma 11.3. Let {to™} and m° be as in Lemma \ 1 1 . 1\ Then 
(i) lim^oo ||Vm" - Vto || L 2 (O ) = 

(ii) lim rwoo ||to™ - m°\\ L 2 (n) = 0, lim„^oo ||to™ - ™°IU 2 (n) 

Proof. It is clear that || Vto™!)^^) > II Vm n ||i2m) and note that if we had 
a strict inequality limsup JWOO || Vto"|| £ 2 (0 ) > limsup^^ ||Vto™|| £ 2( ) then it 
would contradict the first statement of Lemma lll.ll Therefore || Vto™|| £ 2(-q) — 
|| Vm n ||i2(f;) and from the weak convergence to™ — > m° we get (i). Fix now 
Z > 0. We have by virtue of Corollary 1 11. 21 
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Umsup / \rhy - m y \ 2 < limsup / |m™ - m°| 2 

n-yoo n->oo J[-[J]xu 

+ limsup / | m™ - m° y \ 2 



n— >oo 



Q\([-l,l]xuj) 



<21imsup/ (K| 2 + KH 

n->oo Jn\([-i,i]xui) 



< 2 limsup / (|m"| 2 + |m° |2i 

n— s-oo JQ 



21iminf / (|m"| 
n ^°° ./f-Ulxw 



-' 2 . |m°r 

' [-i,!]xw 



= 4|w| / |m^(a;)| 2 da;. 

Jn\[-i,i] 

From the arbitrariness of I we get the validity of (ii). The proof of (Hi) is 
straightforward. 

□ 

Lemma 11.4. Let {m n } and m° be as in Lemma \ll.l\ Assume in addition 
that for some N G N and I > we have for all n > N 

fh n (x) < 0, x G (— oo, — Z] and fh n (x) > 0, x G [/, +oo). 

T/ien 

lim ||m" - m || H i (o) = 0. 

n— foo 

Proof. By Lemma [11.31 it suffice to show that lim^^oo ||m™ — m^|| i 2 ( - f2 > ) = 0. 
Since m° G A X (Q) there exists > such that 

m x( x ) — — 2' 31 ^ ( — °°>'i] an< ^ m x( a; ) — 2' ' T ^ [^i>+°°)- 
For any fixed I2 > max(Z, Zi) we have that 



\ml -m x \ 2 = |m™ -m Q x \ 2 + \m n x - m°| 2 . 

J[-J2,2a]x« in\(H 2 J2]xu) 

The first summand converges to zero and we have furthermore that 
||m™ — 7n™||i2(Q) —> 0, thus it suffices to show that 



fl\([-i2,2a]x«) 



Bin / I ///',' - //<T = 0. 

For n > N we have 



|m; l -m0| 2 < / ||m?| 2 -|m2l 2 l 



n\([-i 2) J2]xfc») Jn\([-i 2 ,i 2 ]xu!) 
< I ||?fi"| 2 -|m"| 2 |+ / ||m"| 2 -|m°J 2 | 



in\([-i 2 ,i 2 ]xbj) Jn\{[-i 2 ,i 2 ]xu>) 
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The first summand converges to zero, for the second summand we have by 
Lemma 111.21 



limsup / 

n->oo Jn\([-l 2 ,l2]xw) 



< limsup 



n-yoo JQ\([-I 2 ,h]xu) 



(|m 



n|2 
V I 



• n|2 



,Q|2 



,0|2n 



< 2 



/n\([-i2,i 2 ]xw) 
which converges to zero as goes to infinity. 



□ 



Lemma 11.5. Assume that 10 C K 2 is a bounded Lipschitz domain. Then for 
any interval (a, b) C R, positive a and a unit vector field f € H 1 ((a, b) x w, 1 
£/ie following inequality holds: 



L 



\d x f\ 2 + a s 



(o,fa)XL 



(|/,| 2 + |/,| 2 )>2a| W ||/ ;E (a)-/ ;E (&)|. 



fTTie endpoints a and b can take values —00 and +00 respectively) . 

Proof. Fix a point (y, z) € u and consider the vector field / on the segment with 
endpoints (a,y,z) and (b,y,z). Being an H 1 vector field, it must be absolutely 
continuous on that segment as a function of one variable, thus denoting 

f x (x,y,z) = smtp(x),f y (x,y,z) = costp(x) cos0(x), f z (x, y, z) = cos(p(x) sm9(x) 

we obtain that <p and 9 are differentiable in [a,b] a.e.. Therefore s we can 
calculate 



I 



(a,b)x(y,z) 



\d x f(0\ 2 dx 



(\fy(0\ 2 + \m)\ 2 )dx 



(a,b)x(y,z) 

1 

(ip l2 (x) + 9' 2 (x) cos 2 <p(x)) dx + a 2 j cos 2 <p(x) dx 
> I (ip' 2 (x) dx + a 2 / cos 2 f(x) dx 



> 2a / fi{x) cos <p(x) dx 

J a 

= 2a\ f x (a,y,z) - f x (b,y,z)\. 
An integration of the obtained inequality over w completes the proof. 



□ 



Lemma 11.6. Let the sequence of intervals ([^, fr 2 J) neN be such that 
rn n M) = -L 



fh n M) = \, \m n x {x)\<\, x&[blb 2 n ] 



Then for sufficiently big n we have 



x € 



and 



x e [6 , +00) 
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Proof. Assume in contradiction that for a subsequence (not relabeled) there 
is a point b\ 6 (— oo,6*) such that m™(6^) > — |. Since m™(— 00) = —1 and 
to™ is continuous we can without loss of generality assume that m™(6^) = — \. 
Utilizing Lemma fll-Sl for the intervals (—00, 6fJ, [6^, [6* , +00) and Corollary 
19.31 we get 



E{m n )>( |Vm'f + -^/ (|to™| 2 + Kf) + (^) 



7r V 2 b 



- 1 



1 1 

3 + 2 



-2- 1 



M 



3tt 



€ + o{d 2 n ), 



thus 



Um i nf «> V 

n->-oo d„ 



which is a contradiction. 



□ 



Theorem 11.7. Assume that the domain to is so that C 2 + (A UJ —B U1 ) 2 > 0. Then 
for any sequence of magnetizations {to™} C A(Q n ), satisfying h25\) there exist a 
sequence {T n } of translations in the x direction and a sequence {R n } of rotations 
in the OYZ plane, each of which is either the identity or the rotation by 180 
degree such that the sequence with the terms fh n {x,y 1 z) — m n (T n (R n (x,y, z))) 
converges to to" in the sense of Definition \9. H 

Proof. First of all note that the change of variables mentioned in the theorem 
translate the domain fl to itself and preserve the energy, which means that the 
minimization problem (TT|) is invariant under that kind of transforms. Let the 
intervals [5^,^] be as in Lemma Til. 61 We prove the theorem by constructing 
such sequences. In the first step we prove that if a sequence of magnetizations 
converges to some to 6 A(ft) in the sense of Definition 19.11 and satisfies the 
conditions E(m n ) < Md 2 n and to™(xo) > for some xq € R, M > and for big 
n then to°(xq) > 0. Assume in contradiction that m°(cco) = S < 0. 



lim 



\m"(x) -m°Jx)\ 2 dx = 0. 



(26) 



>xo— 1 

On the other hand we have 



\d x rh n \ 2 < / \d x m n \ J < Md z n , 
a, Ja n 



thus 



/ \d x m n (x)\ 

JR 



2 , M 

2 dx < T1 =M 1 , 
M 



which yields that the sequence {to™(x)} is equicontinuous in R, thus there exists 
an e > such that for all n £ N, 



m n Jx) > 



x e [Xq — e, x + e\ 
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By the continuity of ra° we can assume that, 

m° y {x) < — x G [x - e, x + e]. 



Combining the last inequality with the inequality for to" we obtain 

lxo-1 



f X0+1 \fh»(x) - m° y (x)\ 2 dx > 2^ min(e, 1) 



which contradicts (|26l) . The same sing preserving property can be also proved 
for the first and the third components of to™ and also for the opposite sign. 
This means in particular that if m™(xo) = for big n then m®(xo) = 0. In 
the second step we construct the sequences {T n } and {i?„}. Let the intervals 
[6^,6^] be as in Lemma ["11.61 and x n G [&^,^] be such that to"(x„) = 0. By 
continuity such intervals and points exist for any n G N. For any n G N we 
choose T n to be the translation by x n and the rotation R n to be the identity if 
fny{xn) > and the rotation by 180 degree otherwise. We show now that the 
sequence (TO n ) rae N converges to some m° G A({Y) in the sense of Definition 19.11 
Utilizing the T- convergence theorem we get that the sequence {to 71 } is relatively 
compact thus what we have to actually show now is that its every convergent 
subsequence has the same limit. Suppose {m" fc } converges to some m° G X(Sl). 
By lower semi-continuity m° has finite reduced energy, thus to G A(tl). We 
show that actually m° G A(fi). By virtue of Lemma B~T1 there exists C > such 
that b 2 nk — b\ k < C for any k G N, therefore by Lemma Til .61 we obtain that to™* 
is negative in (— oo,— C] and is positive in [C, +00) and hence using the fact 
that to™* converges to mo in Lf oc (R) we get that rug must be nonpositive in 
(— 00, — C] and be nonnegative in [C, +00) and therefore m° G A(Tt). Now the 
above proved fact states that to°(0) = and m°(0) > 0. Furthermore by the 
lower semi-continuity we have that 

E (m°) < liminf Ei™^l = i imin f = B o 



C?^ n— 7-00 r/2 



mil) 



thus to is a minimizer of Eq . It is easy to see now that the properties m x (0) = 
and to,j,(0) > determine m° in the unique way, namely we get m° = as 
claimed. 

□ 

Theorem 11.8. Assume that the domain ui is so that C^ 1 +(A^—B 0J ) 2 > 0. Then 
for any sequence of magnetizations {to™} satisfying Ii25\) there exist a sequence 
{T n } of translations in the x direction and a sequence {R n } of rotations in the 
OYZ plane, each of which is either the identity or the rotation by 180 degrees 
such that for rh n (x , y , z) = m n (T n (R n (x 1 y, z))) we have 

Km ^-\\m n -m"\\ HHnn) = 0. 

Proof. It is a consequence of Lemmas 111.41 111.61 and Theorem 111.71 

□ 

Corollary 11.9. Theorem \11.8\ holds for any sequence of minimizers {to™}. 
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We mention that it is easy to see that any rectangle that is not a square and 
any ellipse that is not a circle satisfies the condition 

Cl + {A u - B u f > 0. 

This condition shows that the cross section ui does not have many rotational 
symmetries in some sense. For instance, if u) has two perpendicular axis of 
symmetry, then one can show that C u = 0. It is also worth mentioning that 
one can prove a modified version of Theorem 111.81 in the case when uj is a disc 
or a canonical polygon, namely due to the symmetry one can not state any of 
the rotations R n is either the identity the rotation by 180 degree, but one can 
prove their existence. In conclusion we state that Theorem 111.81 shows that in 
thin wires energy minimizers with a 180 degree domain wall are transverse walls 
that have the shape of m w . 



A Appendix 

The following two identities are well known and can be found in most calculus 
and analysis books: 



a , 2 dx = —e pq , q>0, P >0 



+oo e -pix cosqiX _ e -P2x C0Sq2X i »? + o? 
ax — — In ■ 



2 V\ + q\ ' 



(27) 

Pi, P2 > 0,qi,q 2 € K 



(28) 



Lemma A.l. For any p,q,l > the following inequality holds: 



sin qt 



- pt dt 



< IT. 



Proof. Making t = ~ change of variables and denoting r — |, L = ql we get 



J I 



sin 



e pt dt 



SIM 



I 1 JL x 

Assume L € [fc7T, (fc + l)7r] for some k. Evidently 



sm x 



x 



< max 



SIM 



,r 



smi 



thus it suffice to prove the lemma for L — kir for some k. We expand the integral 
in the following way: 



sm x 



■dx = Yl 

i—k 
oo 

= E 

i—k 



oo r (i+l)ir 



-e~ rx dx 



n sint (t+7rl) 



t + iri 



dt 



in^iill e -'-(*+«) dt 



t + iri 
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For a fixed t we have an alternating series with decreasing terms with their 
absolute value, therefore 



r+oo 
J kir 



SIM 



< 



smt r ( f A-„k\ , f* sini , 



o t + nk 



□ 



Lemma A. 2. For any p > the function 



i P (y) = 



sin pt 



dt 



,o * + V 2 

is nonnegative and decreasing in y in (0, +oo) and 

i P (y) < A- 

y 3 



Proof. The case p = is evident. Suppose now p > 0. We make a change of 

+oc sin x dx 



variables t = | to get 



i{p,y) = P f 
Jo 



x 2 + p 2 y 2 

We consider now h{y) for y > 0. We have 



= ph{py). 



h(y) 



r+co 

Jo 



sin 



sint 

t^T^ 2 

oo 

*-E 



oo flit 



n=0 



sint 



q (t + 27m) 2 + y 2 
2ir{t + 27m) + tt 2 



dt 



n - ((t + 27m) 2 + y2 )((t + ^ + 1))2 + y 2 ) 



dt. 



It is now evident that h(y) in nonnegative and decreasing in y in (0, +oo) and 
therefore the same does I p (y). Note that for any n > 1 and t <E [0,tt] one can 
easily prove using the Cauchy inequality, that 



27r(t + 27m) + tt 2 



7T 2 (4n + 3) 1 
< < 



((t + 27rn) 2 + y 2 )((t + 7r(2n + l)) 2 + y 2 ) 47r 2 n 2 (47r 2 n 2 + y 2 ) Q n 2 y 
hence 

sini(7r 2 + 27rf) 



2 5 
3 



j(i.i/)< r 

Jo 



< 



< 



(t 2 +y 2 )((t + n) 2 +y 2 ) 

37T 2 t , 4 

— dt + 



OO „jr 

dt + E 2 / sin i di 

n=1 9n 2 ys Jo 



o 3tt 2 (^)^ M 



Finally we have 



^.(y) = ph(py) < -^-2 = A- 
(py) 3 y 3 



□ 
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Lemma A. 3. For any p > 0, Z > and a decreasing function f € C((0, +oo), 
such that linix^oo f(x) — 0, the following bounds hold: 



f(t) cos pt dt 
Proof. Denote t % 



< 



4/(0 



P 



f(t) sin pt dt 



< 



4/(0 



P 



^p, n G N and assume Z € [i m ,t m _|_i]. In any interval 
[i„,i I1+ i] the function sin pi has a constant sign, therefore by the intermediate 
value theorem we have for some points t' n € [t n ,t n+ i], 



f(t) sin pt dt 



< 



<f(l) 



f(t) sinptdt 



sin pt dt 



+ 



f(t) sinptdt 



k— m+1 



< 



< 



2/(Q | 2/(t m+ i) 
4/(0 _ 



The first integral can be estimated in the same way. 



□ 



Lemma A. 4. For any p, q, I > the following bounds hold: 



+ 00 Z'+OO 



+ 00 Z'+OO 



cos pa; cos 
x 2 + y 2 

sinpi singy 
x 2 + y 2 



dx dy 



dx dy 



+O0 P+OQ 



cospxsmqy 



+ OO /"+00 



2r + j/ z 

sin pa; cos 
x 2 + y 2 



dx dy 



< 



< 



< 



< 



2tt 

TV 

28ps 
ql 3 

7T 2 

2 ' 
28p* 
ql$ 



Proof. We apply (|27p and Lemmas A. 2, A. 3 to get 

+00 />+oo 



cos pa; cos qy 

— 2~, — dx d y 

x z + y z 



+ °° e-™ cos qy 
V 



tt 4e- p( 2tt 

< < — . 

~ 2 ql ql 



For the second and the forth integrals we again apply Lemmas A2 and A3, 



+00 p+00 



sin pa; sin qy 
x 2 + y 2 



dx dy 



+00 



Similarly 



+00 /"+oo 



sin pa; cos qy 
x 2 + y 2 



I p (y) sin qy dy 
28p 



< 4ip(0 < 2&PI 



qU 



dx dy 



< 



qli 



For the third integral we utilize (|2T|) and Lemma A.l, 

<>+00 r+OO 



cos pa; sin qy 
x 2 + y 2 



dx dy 



< 



+°° e~Py sin qy 



< 



□ 
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